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Unsteady Heat Transfer on Turbine Blades
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This paper describes a method for calculating heat transfer on turbine blades subjected to passing wakes. It
is based on the numerical solution of the boundary-layer equations for laminar, transitional, and turbulent flows
with a novel procedure to account for the movement of the stagnation point. Results are presented for a model
flow and show that the procedure is numerically sound and produces results that can give good agreement with
measurements provided that the turbulence model is adequate.

Nomenclature
CD = drag coefficient of the rotating pin
d = diameter of rotating pin
D = diameter of heated stator
F = blade-passing frequency, Hz
n = number of rotating pins
Pr = Prandtl number
Prt = turbulent Prandtl number
r = radial distance from rotation axis
S = separation distance between pins
St = Strouha} number, DF/u^
t = time
T = temperature
u, v = velocity components in x and y directions, respec-

tively
Woo = freestream velocity
Vm = wake centerline velocity
x = coordinate, measured along the surface
y = coordinate, normal to the surface
y - normal-to-rotating pin wake axis
d = half-wake width behind rotating pins
em = eddy viscosity ____
v\ - normalized y coordinate, ^lu^/vD y
v = kinematic viscosity
£ = normalized x coordinate, x/D
T - dimensionless time, tu^/D
\l/ = stream function
03 = angular velocity of rotating pins

Subscripts
e - boundary-layer edge
£ = laminar
s - stagnation point
w = wall

I. Introduction

THE influence of the blades of a stator on those of a
downstream rotor have been shown, for example, by

Dring et al.,1 Dunn et al.,2 and Ashworth et al.,3 to be impor-
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tant, and Hodson4 and Binder et al.5 have mapped the convec-
tion of wakes through the rotor. The nature of the blade-pass-
ing problem can be explained in relation to Fig. la which
shows that the rotor blade passes through the wake of the
upstream stator blade and generates a wake which affects the
onset flow to the second stator. In effect, the blades of the
rotor and second stator are subjected to a freestream velocity
which varies periodically with time and with a random turbu-
lence fluctuation superimposed. These effects may be simu-
lated by the arrangement of Fig. Ib which shows one cylinder
of a number arranged on a wheel which rotates upstream of a
turbine blade.

A number of approaches to the calculation of these effects
have been examined including that of Rai,6 who solved the
time-averaged Navier-Stokes equations with a complex ar-
rangement of patched and overlaid grids and attempted to
reproduce the measurements of Dring et al.1 with some suc-
cess. An alternative approach is to use boundary-layer theory,
which makes use of the solutions of viscous and inviscid
equations appropriate to the flows described above, and their
coupling by special techniques. The inviscid method must be
able to cope with the periodic onset velocities of Fig. Ib and
their effects on the blade flow from the stagnation region to
the wake and the boundary-layer method with flow reversals
associated with the movement of the stagnation point with
time and space as well as flow reversal and separation that
may occur in the downstream region.

The work described in this paper is directed toward the
development of a general method for calculating unsteady
heat transfer on turbine blades. As an essential preliminary,
we describe a boundary-layer method for calculating heat
transfer for prescribed freestream conditions and test it for a
model problem which corresponds to the wake-rotor interac-
tion experiment of Refs. 7 and 8 emphasizing the stagnation
region. It can readily be combined with an in viscid-flow solu-
tion to permit calculations along the full chord of the blade.
We assume that the external velocity distribution on the circu-
lar cylinder near the stagnation point is represented by the
function

[f+H
where A (t) is the variable onset flow and B(t) is the change in
flow incidence.

The basic equations and the initial and boundary conditions
are considered in the following section, which is followed by a
description of the numerical method used to solve the
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Fig. 1 Flow configuration: a) turbine stage; and b) simulation.

boundary-layer equations. Section IV presents the results and
discussion, and the paper ends with a summary of the more
important conclusions.

II. Basic Equations
For a specified wall temperature, no mass transfer, and with

eddy viscosity <em and turbulent Prandtl number Prt concepts,
the two-dimensional incompressible boundary-layer equations
can be written as in Ref. 9:

du dv

du du
UTX

dT

du

dT dT dT

y = 00, u = ue(x,t), T=Te

(2)

(3)

(4)

(5a)

(5b)

-1.0-0.5 o £ 0.5

Fig. 2 Variation of the stagnation point with time according to Eq.
(D.

Eqs. (8) and (9) in the form:

(b2G ') ' + G '0 + m (1 - G)f' =/'

(12)

(13)

(6)

With dimensionless variables T, £, y, w, m, G, together with
a dimensionless stream function/,

m = d (Tw - Te)
(Tw - Te) T • — T '2 w * e

(7)

Eqs. (2-5) become

(b2G ')' + G'

. __ i w _ J \ ff J /o\
a-, at ~ z~ J a* \°'

= -sr+/'l£ (9)07

f = 0, /=/'=0, G=0

11 = Tie, f'=W, G = l

where

(10a)

(lOb)

(U)

Since the representation of transition is essential to the present
problem, we have preferred to use the algebraic eddy-viscosity
approach of Cebeci and Smith,10 which is known to represent
transition adequately. A constant value of unity has been
assumed for Prt.

The initial conditions required for the above system can be
arbitrary or can be obtained by solving the steady-state form
of the equations. Here we use the latter approach and write

Initial conditions for these equations correspond to laminar
flow, which admits a similarity solution at the stagnation
point. The transitional and turbulent flow calculations can be
started at any location away from the stagnation point by
specifying the location of the onset of transition.

The calculation of upstream boundary conditions in the
(t,y) plane at some x = x09 when the conditions at a previous
time line are known, can introduce problems. To illustrate this
for the case of a moving stagnation point, consider Eq. (1).
Since ue = 0 at the stagnation point by definition, its location
%s based on the external streamlines is given by

2£5= -B(t) (14)

Figure 2 shows the variation of the stagnation point with time
according to Eq. (1) with B(t) = 1 + c sincof, where c = 1 and
o> = 7T/4. We see that the stagnation point L is at - 1 when
t = 2, and at 0 when t = 6, etc. If £5 were fixed, we could
assume that u = 0, at £ = £5 for all time and for all T/, but this
is not the case. It is also possible to assume that the stagnation
point is coincident with zero u velocity for a prescribed time
but we should note that the stagnation point given by Eq. (14)
is based on vanishing external velocity. For a time-dependent
flow, this does not necessarily imply that the w velocity is zero
across the the layer for a given £ location and specified time;
flow reversals do occur due to the movement of the stagnation
point and cause the locus of zero u velocity to vary with x
requiring the use of the characteristic box method, as dis-
cussed in Ref. 11 and in the following section.

III. Numerical Method
The equations of the previous section are solved with the

box scheme of Keller,12 which is used in two forms depending
on the presence or otherwise of reverse flow. The regular box
scheme is used where the flow is always in the streamwise
direction, and the characteristic box scheme is used where
there are negative streamwise velocities and also to generate
the upstream boundary conditions.
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To solve the momentum equation for steady-state condi-
tions subject to its boundary conditions, we let /' = e and
introduce a new function g defined by

e'=g (15a)

and, with b\ = b\9 write Eqs. (11-12) and their boundary con-
ditions as

de

= o, = 0 = o, ? — Ve e =

(15b)

(15c)

(16)

To write the difference equations, we consider a net rectangle
in which the net points are denoted by

where

X = V(l + e2) (25a)

|S = tan ~ ~ l e (25b)

The solution procedure for Eqs. (15a,15b) and (24) and their
boundary conditions with the characteristic box scheme is
similar to that of the regular box scheme, and since we con-
sider a three-dimensional form of the equation, we also con-
sider the net points

r0=0, n = 1,2,. .., (26)

To obtain the solutions on the first time line TI, we assume that
the stagnation line based on the external streamline is given,
the solution of point 1 is known, and direct our attention to
point 2. The finite-difference approximations to Eq. (24) are
written along the streamline direction (see Fig. 3) at point p:

(17)

The finite-difference approximations to Eqs. (15a) are ob-
tained by averaging about the midpoint (£/, r;y_i/2)

(18)

and those to Eqs. (15b,15c) by centering all quantities except
0 at the center of the rectangle (£/_ i/2, 7?7_ i/2) and taking the
values of each, say, e, at the corners of the box, that is,

ejl% = (ej. u + ejz}A) = (ej + ej. i + e]~l + ejl'l)

The centering of 0 is achieved as
(19a)

(19b)

In this notation, the difference approximations to Eqs.
(15b,15c) can be written in the form:

/^-^-^_i) = AT^-*-e/^) (20a)

where

= - r V>j-lgj-1 -bjllgjlb + rr

The boundary conditions of Eq. (16) become

(20b)

(21)

(22)

The regular box scheme is well known and the reader is
referred to Ref. 11 for details. The characteristic box scheme
makes use of the definition

dr = f (23)

If we denote the distance along a streamline by s and the angle
that the streamline makes with the r axis by /3 (see Fig. 3), then
Eq. (8) in terms of variables e and g becomes

dw dw
- + ̂

de (24)

L m,n — l~m,n — 1\ . / ni,n , n.m,n — 1\ i\P , ^- Oj- i gjJ. i ) + - (£/_ 1/2 + gj- 1/2 ) ?/- 1/2 + ~fo

, t ., ^^ / D\ ^ /\ Ln i \ m,n — 1 , \ m,n — 1\
~5? 2 J 1/2 y 1/2 y 1/2

where

As/-1/2 = CQS/3/-1

(27)

(28)

The relationship between 0f_ 1/2 and the values of 0 centered at
(/'- 1/2, n - 1/2) and (/ - 3/2, n - 1/2) is

/-3/2 /-1/2" /tp > x , /M - 3
(? — ?/ - 3/2) + v/ - 1

As discussed in Ref. 11, Eqs. (18), (20a), and (27) and their
boundary conditions are linearized by Newton's method and
solved with the block-elimination method.

To generate the upstream boundary conditions, we assume
that the first profile on either side of the "edge" stagnation
point is known. In the presence of flow reversal at, say, point
2 of Fig. 3, an extension of the characteristic scheme is used on
an iterative basis. When there is no flow reversal, then the
regular box scheme is used. Further details of the method and
its application are provided in Ref. 11.

IV. Results and Discussion
The numerical method of the previous section is used to

obtain the solutions of the continuity, momentum, and energy
equations for the experimental rotor-wake model of Refs. 7
and 8 in order to compare the calculations for turbulent flows
with measurements. Figure 4 shows the flow configuration
and the notation. For a time period tg, the cylinder is sub-
jected to a freestream velocity z/oo, and for tw it is immersed in
a superimposed rotating wake that has a rotational component
OJA*. The cycle repeats itself with a blade-passing frequency
F[ = l/(tg + tw)] and is related to the Strouhal number Sf by
FD/Un. Dimensionless expressions for the parameters A (r)
and B(T) needed in Eq. (1) to define the external velocity
distribution near the stagnation region are obtained by using
the procedure described in Ref. 13. With n denoting the num-
ber of rotating pins, St — 2n/ir (Z>/r)(G>r/Woo)» 4 and B are
written as

(30)
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Fig. 3 Notation and grid for the characteristic box scheme (for de-
tails see Ref. 11).
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Fig. 4 Notation and flow configuration.

.6(7) = tan-1

with / and E2 given by

\E2St (^A (31)

?2 = ̂  (32)

2E2

1.132(CD^/J[)5/Z))1/2

(33)

The calculations were first performed for a laminar flow to
test the numerical procedure. With the choice of E2 = VTo,
El = 10, and Vm = 1/3, the parameters A, B, and/in Eqs.
(30-32) become

A(T) = [f2 + 10(502(1 ~

tan-1 VlOSf ( lj~
T

(34)

(35)

(36)

The computed values of wall heat flux G '(0) for two values
of Strouhal number show that they are not influenced by the
changes in the freestream velocity and are virtually constant
for the range of £ and r values considered, with G'(0)~0.50
for St=0.l and G'(0)~0.51 for St=0.2. On the other
hand, as shown in Fig. 5, the computed values of wall shear
/"(O) for St=Q.l are influenced by the changes in the
freestream velocity that cause flow reversals in the velocity
profiles around the stagnation point based on the vanishing of
the external velocity. The movement of the stagnation point
and the resulting flow reversals increase with time and with
space so that, for example, the calculations for steady state

3.0 r

2,0
f'(0)

1.0

1.5 2.0

-4.0

Fig.5 Variation of the wall shear parameter/"(0) with £ (£f= 0.10).

have the stagnation point at £ = 0, and, as expected, there is
no flow reversal on either side of the stagnation point. At
T = 0.5, the stagnation point moves to £ = 0.15, but the flow
reversals in the velocity profiles continue up to and including
£ = 0.85 as can be seen from the results shown in Fig. 5. At
T = 1.0, the stagnation point has moved to £ = 0.55 but the
flow reversals persist for a longer distance and continue until
£ = 1.20. As can be seen from the velocity profiles in Fig. 6,
the region of flow reversal across the layer has now increased
and is substantially more pronounced than at T = 0.5. The wall
shear and displacement thickness results for St>0.2 show
similar trends and, as expected, the flow reversals in the veloc-
ity profiles, for example at T = 1.0, are bigger than those at
St = 0.1 but cover the same range in £.

These laminar-flow results confirm that the numerical pro-
cedure is able to obtain solutions for a range of blade-passing
frequencies of practical relevance. The movements of the stag-
nation point cause no computational difficulties, and the nu-
merical tests show that the accuracy is better than required for
practical problems.

The present method is applicable to laminar, transitional,
and turbulent flows. It requires that the calculations start as
laminar from the stagnation point. The onset of transition can
be assigned to occur in accordance with experiments and the
subsequent transitional and turbulent flows represented by the
algebraic eddy-viscosity model of Cebeci and Smith10 in which
the length of the transitional region depends upon the
freestream conditions.

In the case of turbulent flow, estimates of EI, E2, and Vm
can be obtained from the experiments of Ref. 7 with D = 12.7
mm, d =; 3.18 mm, S ^ 25.4 mm, r = 16.925 cm, CD = 1.2,
n =24, and Vm = 0.62, so that El = 7.9, E2 = 3.49, and

A(T) = I/2 + (3.49)2(S02(1 -

3.49= tan-1 ^

/ = 0.81 - 0.19 cos[7r(l - 7.9 Str)]

(37)

(38)

(39)

The turbulent-flow calculations were performed in the
above manner to simulate the near stagnation region of the
flow of Refs. 7 and 8. The onset of transition was set very
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Fig. 6 Variation of the velocity profiles near the stagnation region for two values of time: a) r = 0.5; and b) r=1.0.

close to the stagnation point and transitional- and turbulent-
flow calculations were performed for 0 < t < (tw + tg), for
one cycle for the experimental Reynolds number of Rj =
76,000. Since the experimental data suggests that the average
Nusselt number is relatively constant and is 10% higher than
that of laminar flow, it was assumed that the transitional
region was negligibly short. Futhermore, the present eddy-vis-
cosity model is a function of the velocity field and the heat-
transfer parameter is relatively constant in the stagnation re-
gion 0 < 0 < 40 deg, so that it was further assumed that the
eddy viscosity in this region be constant. This implies that the
distribution of eddy viscosity determined at the end of the
transitional region (ytr = 1) retains the same numerical value
throughout the turbulent-flow calculations. As a consequence
of the above, the ratios of the average Nusselt number Nu on
the blade passing a wake to that of a blade in a freestream
during one cycle, NuS9 used in the presentation of the experi-
mental results were calculated from

Nu
Nus

Nub + NuI —

tw f'g +
Nudt +

_£ ________ J'w
Nuedt

Nus
____

[V'w

Jo

(40)

Nugdt

Since the cycle time is (tw + tg), the numerator of Eq. (40)
contains two parts: one for the blade submerged in the wake,
Nub, and the other for the base in a freestream, Nug9 during
time tg where the flow is laminar and admits similarity. In the
transformed coordinates of the calculations, the ratio of the
averaged Nusselt number may be written as

Nu
Nus''

; dr + (GJ,)ttg
(41)

where (G^)e= 1.0034 for laminar flows. The measured and
calculated values of average Nusselt-number ratios were found
to be 1.1 and 1.09, respectively, and constant throughout the
turbulent-flow region. The closeness of the two results is grat-
ifying but should be viewed with caution, bearing in mind the
assumptions that have been made in relation to the eddy-vis-
cosity model and the assumed freestream velocity distribution.
Alternative approaches to the representation of the turbulence
characteristics of the stagnation region have been examined,
for example by Taulbee and Tran,13 and deserve future con-
sideration. In addition, the integration of the heat-transfer
parameter G£ is subject to some uncertainty in the blending
region between laminar and turbulent flows.

V. Concluding Remarks
The preceding sections describe essential steps in the devel-

opment of a general method for the calculation of unsteady
heat transfer on turbine blades. It has emphasized the stagna-
tion region since this must be correctly represented in order for
the method to calculate the flow and heat-transfer characteris-
tics of a blade passage. This region involves a moving stagna-
tion point with consequent reverse flows and has required the
development and use of a novel numerical procedure to solve
the equations for conservation of mass, momentum, and en-
ergy. The characteristic box scheme, with its stability require-
ments, has been used in regions of reverse flow, and the
regular box scheme elsewhere. Transitional and turbulent flow
have been represented by an eddy-viscosity formula.

The method has been applied to a model problem for which
heat-transfer measurements have been reported and calcula-
tions are performed to include the transitional- and turbulent-
flow regions. The results confirm that the method represents
the essential features of the flow, including the averaged Nus-
selt number in close agreement with the measured value. The
method can now be extended to include procedures for the
solution of the unsteady, inviscid-flow equations and to en-
sure interaction between the inviscid and boundary-layer
flows. Both procedures are available so that the general
method can be assumed and applied to blade-passage flows.
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